International Journal of Theoretical Physics, Vol. 27, No. 1, 1988

Spinor Fields with Zero Mass in Unbounded
Isotropic Media

P. Hillion'

Received August 28, 1987

The Dirac equation for massless fields in unbounded media has solutions similar
to the focus wave mode solutions of Maxwell’s equations leading to infinite
dynamical invariants. We define the splash wave mode solutions as a weighted
superposition of the focus wave modes, and discuss the conditions to be fulfilled
by the weight functions to make the dynamical invariants bounded. We leave
open the physical interpretation of these solutions.

1. INTRODUCTION

We show that the Dirac equation for massless fields is unbounded
isotropic media has focus wave and splash wave solutions.

Using the cylindrical coordinates (r, ¢, z) and the natural system of
units (#=c=1), we have the Dirac equation in the form

R 1
a\PE(F’a,+—F"’a¢+FZ+F"a,> v=0 (1)
r

where d,, 9, 9., and &, are the derivatives with respect to space and time
and the matrices I" are

= 0 a',, 1= 0 (T(P’ = 0 a'z’
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gy is the 2 X 2 identity matrix. The matrices I' and o satisfy the commutation
“relations of the Dirac and Pauli algebras, respectively; one has

o0, =io,, 0,0, = io,, 0,0, = o, (3)

and
0,0, = 0, 8,0, =—0, (3"

We note that W', ¥ =W'T°, and ¥° = cI"°¥* are the hermitian conjugate,
adjoint, and charge conjugate fields, respectively. The asterisk denotes
complex conjugation and one has

o 0 _
e TC=T7, e=i| 0> |, az=’9 " (4)
0 (e} i0
The equation for the adjoint field is
ap = - 1 - - -
aT‘I’E(a,‘I’)F’+;(8¢W)F¢+(az\If)Fz+(a,‘If)F°=0 (1)

Using (2), (2") and (3), (3") we get easily the relation
~ 1of 8\ 13 &
=D=——\r—|t5 St —5-—>
ror\ or r-d¢° 08z° ot
so that every component of ¥ is a solution of the wave equation Du = 0.
Let us take ¥ in the form

@) Q) )

Then equation (1) reduces to a system of two equations:

2

1
65405=(0',8,+—o',p8¢+0'zaz+a,)Q).—_()’ a,B=1,2
r
6gXBE(O',Br+—0'¢8¢+a'zaz—at>X=()’ d,B=1,2
r

From now on we only consider the solutions of (6) corresponding to waves
propagating along 0z.

2. FOCUS WAVE MODE SOLUTIONS
2.1. First Kind of Focus Wave Modes
It is easy to check that equations (6) have the solutions (Hillion, 1987)
P1n=Cnrts X = iXm

, 2 )
Pon= ", Xm™= " Xm+1
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with
n k 2 _
o~ onp ( 2 ) exol-i(kE+np)
m ) (7
r r
Xm =W6Xp( o g) expli(gé+me)]

where we used the variables ¢=z-ct and &=z+ct (with ¢=1). The
parameters (a, k, n) and (b, g, m) are arbitrary, but to obtain bounded
solutions we assume that a, b, k, and g are some positive real scalars, while
m and n are positive half-integers.

Substituting (7) into (5) gives the solutions ¥, of Eq. (1) correspond-
ing to spinor waves propagating along 0z.

Let us now- consider instead of (6) the Proca equations (Hillion and
Quinnez 1986a)

o8ep=0  a3x5=0 (8)

where ¢} and xff are traceless second-rank spinors. A look at (6) and (8)
supplies at once the solutions:

goi,n:(Pna ¢%,n=_i¢n+la X%,m =iXma Xil,m:_Xm-l ,
1 . 2 2 2 . (8 )
Pon= "1Pn-1, Pon="Cn, Xim ™= " Xm+1s Xom = ~HXm
Using the well-known relation between self-dual tensors and traceless
second-rank spinors, we get the relations
A +iA, =e%p]
A, —iA,=ie %) A=¢"?E+iu'’H 9)
As=3(p1~@3)
where E and H are the electric and magnetic fields, ¢ is the permittivity,
and p, is the permeability. One has similar expressions with yz, leading to
an electromagnetic field with opposite polarization.
Substituting (8') into (9) and assuming that n is a positive integer, we
obtain the focus wave mode solutions (Brittingham, 1985) of Maxwell’s
equations (Hillion, 1986). This justifies the name given to the solutions (7).

Remark. Let us consider a symmetric second-rank spinor ¢,z instead
of a traceless spinor ¢”, we easily check the following relations:

en=¢,+1(2k)=(a—- ig)ﬁoi(k) =(a— if)(§°1)2
0= 0,1(2K) = (a—i€)¢i (k) = (a = i8)(¢2)"
P12= 2= ¢,(2k) =(a— i) @n (k) pn-1(k) = (a — i) P10,
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with »=2n—1. These kinds of relations are at the base of de Broglie’s
method of fusion in his theory of light (de Broglie, 1940).

2.2. Relativistic Covariance

Let us consider the Lorentz transformation:

' / , z—ut , t—Bz/c

X=x Y= I=AT gy t =g B=- (10)

|

From (10) we get

1+8\"?
(§’ k’ q’ a’ b)H(glﬁ q,’ k’9 a,’ b’) = <£> (§’ k, q’ a’ b) (lla)
= o (1-B\";
er_f‘(——Hﬂ) 3 (11b)

Since r and ¢ are transverse coordinates, they are invariant. So if we write
¢, in the form

(r/r0)" [_ (r/ 1)’

%ﬂT_Wexp 1—i§/kr§] exp(—i(ké+ngp)]

and similarly y,,, one sees at once, using (7), (7'), and (10) that the Lorentz
transformation (10) leads to

_ 1/2
®, > ®! = UD, . Uz‘[(l+13)/él B)] 0‘

1
(12)
v v ‘1 0
= Xm T mos =
X2 Xom ™ ¥X 0 [(1+B)/(1-B)"
that is, according to (5),
U o
v e S= 1
e e

A simple calculation gives
1¥8\"?
STreS=r",  ST(I°xI*)S= (Tf?) (T°£I%) (14)

According to (13) and (14), equation (1) is covariant under the Lorentz
transformation (10).
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2.3. Dynamical Invariants

The Dirac equation (1) and its adjoint equation (1’) can be obtained
from the Lagrangian

L=YT5¥ - (53"0)¥] (15)

So, assuming real all the parameters in the solutions ¥, the components
T of the energy-momentum tensor, where the dot stands for the indices
r, ¢, z, 0, take the form

i,
T?t’:n = 5 (lII ;,marw nm 6r\I’J;l,m\I’\n,m)

k q
. . )
r§ (a2+k2 l(I)n| b2+q2 lel

Tf,’fn (\p;,ma¢wn,m -8¢\P:,m\1}n,m)

Il

A
2r

1 :
~ (@, e P = m X = Pl

. (16)
Toot T =2 (V0¥ i = 08¥ ¥ 1)
= k|® [~ g| X,
T(r)i,,(r)n - T?ljn = —El (q,il,ma§q, nm —’afqu:t,mq,n,m)
a kr? a*~ £
:a2+§2 (|¢1,n|2+(n+1_—;— a2+§2> |¢n’2>
b . qr2 b2—‘§2
gy [lxmlzr (mﬂ——b“ bz+§z)|Xm12
with
r2
i®n|2=<1+aT+‘§—z)l¢n|2
(17)

2 _

| r" (_ 2akr2)
@l = (a+ &)t exXp i+ &

and similar expressions for |X,,|> and |x,,[".
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For the component S%,¢ of the spin tensor we get

1 .
Stk =5 (Lrnl T )

(18)
1

(1) e (1) el

2 a+¢g) " o2 b*+&) """

The physical quantities of interest are the volume integrals of these densities,
that is, the energy-momentum four-vector:

“+oo © 2
Pom= J d¢ f rdr J Tom do (19)
—c0 0 0
and the 0z component of the spin vector:
+o0o 0 2m
S5 =J dfj rdr f S?,j:f do (19
—c0 o 0

In Appendix A, we prove the following results:

1. P, ..=0, in agreement with the fact that ¥, , represents a wave
propagating along 0z.

2. P}, Pro, P?,,m , and S}, ,, are infinite, a not surprising result, since
we considered an unbounded medium without any source or sink.
Similarly for the focus wave mode solutions of Maxwell’s equations,
the electromagnetic energy is infinite (Wu, and Lehmann, 1985).

Nevertheless, for the self-conjugate fields ¥, ,, =¥, ., one has, accord-
ing to (4), |X,.]>=|®,|>, which implies m =n, b=a, q=k. Then all the
components are zero. Such a field ¥, ,, made up of a doublet of charge
conjugate spinors carries no mass, energy, momentum, charge or spin.

2.4. Second Kind of Focus Wave Mode

We note u={r, ¢, £} and let ¥, be

Wi (u, §)=J- J(§~5)¥(u, s) ds (20)

—00

o+

where f is a differentiable function null at the infinity such that the integral
(20) exists. Then it is easy to check that if ¥ is a solution of equation (1),
¥, is also a solution of equation (1).

Let us consider, for instance, the Gabor (1946) transformation. Starting
with the following Gaussian function shifted in direct and Fourier transform
spaces:

1 . 2
g(s, & w) =(2?2)—1/;exp|:—(s4(j) +iw(s —g)] (21)
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where o and w are positive scalars, the Gabor transform ¥, of ¥ is defined
by the relation

Vo (u, & W)=J' mg(s, & w)¥(u, s) ds (22)

In (22), it is assumed that every component of V¥ is an arbitrary, complex-
valued, square-integrable function (with respect to the variable s). The
inverse transform is (Gabor, 1946; Helstrom, 1966)

W(u, S)=J J‘m g% (s, & W)W (u, & w) dédw (23)

—o0

and one has
+oo +oo
J' J |V, |* dé dw = J |¥|? ds (24)

This last relation proceeds from the definition of [¥]” as Y% _ ¢, ” and from
the fact that (24) holds for every component ¢, (Helstrom, 1966).
We now define the spinor fields Q(u, &; w) through the relation

Wu, & w)=e 2T (u, £ w) (25)

According to (20)-(22), Q(u, &, w) is a solution of the Dirac equation (1).
Substituting into (22) the solutions ¥, ,,(u, ) given by (5) and (7) leads to
a second kind of focus wave mode solution Q, (¢, €& w). We have not
proved that with €, ,, the conditions 1 and 2 of the last section on the
dynamical invariants are still satisfied, but the relation (24) makes this result
plausible.

3. SPLASH WAVE MODE SOLUTIONS

It it not a drawback per se that the solutions ¥, ,, and },, ,,, have infinite
energy. Plane wave solutions also share this property. But it is interesting
(Ziolkowski, 1985) to look for solutions ‘f',, =~ and fl,, > Which we call splash
wave modes (ZlOlkOWSkl 1985) such as the quantities P}, and S}, are
finite. We define ¥ nm and Q”m as weighted superposition of ¥, ,, and
Q. m, respectively.

Denoting ®,(k), X,.(g) the solutions (7), we get

. q> (" F,(k) dk 0 ><<I>,.(k)>
Yo (Xm) L( 0 Fy(q)dq) \ X,.(q) (26)

where F; and F, are suitable weight functions.
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Let us introduce the Laplace-like transforms

Gl(pa)=J Fy(k) e dk, GZ(Pb):J Fxq)e ™ dq  (27)
0 . 0
with
=if+r’/(a—if), p=—if+r’/(b+tif) (27
Then the solutions CfD,,, X’ take the form
b= L G ()
(a—ié) —i
m _img . (28)
. r"e i
Xm = amtl GZ i .
(brigy ) (— ¢/<b+z§))

Using in the expressmns (16) and (18) CI) and X instead of &, and

X gives the components T,,,,, of the energy-momentrum tensor and the

components §%7¢ of the spin tensor. In Appendix B, we prove that P,,,,,,
and $%,, are finite provided that the integrals

Flk 2 0 F2 \ |2
Q= f IR, QZ,SZ=J EC L (29)
0 0 q

are bounded for
ss=n—3, n—-3, n, n+z, n+l
) 1
2

s,=m-3, m—-1, m-3, m m+3 m+l1

These rather mild conditions are easy to satisfy, for instance, with
weight functions such as k'e ™ and k'J,(kB), where u is positive and J,
denotes the usual Bessel function. A qualitative discussion of &D,, can be
found in Hillion (1987) for this last weight function.

One should have similar results for ﬁnm, but we have not made
explicit computatlons Let us remark that one could also define another
kind of solution Q,, = Dy weighting the parameter w:

+00

O, & D) =I F(ow)Q,,.,.(u, & w) dw (30)

—c0

We have not checked these solutions.

4. PARAXIAL APPROXIMATION OF THE DIRAC EQUATION

Using the variables ¢ and £ we find that the wave equation D¢ =0
becomes

5 .
<A¢+4a§ g)l/l— (31)
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where A is the transverse Laplacian. The paraxial approximation of (31) is

&\ ~
A +2 =] y=0 32
(8.425) 0 (32)
since, for the solutions J(x 1, z) e*¢ (32) leads to the parabolic equation
3\ -~
(Al+2ik—) =0 (32"
oz

satisfied by the paraxial approximation of the scalar ﬁelds.~A look at (31)
and (32) shows that if y(x, & &) is a solution of (31), then ¢ = y(x,, 2z, £)
is a solution of (32). In particular, the focus wave solutions ¢, of Eq. (31)
lead to the solutions 4, used to discuss the propagation of Gaussian light
beams.

With the variables £ and £ the Dirac equation (1) becomes

(3. +2T%3,+ 2T 9 )W =0 (33)
3, is the transverse part of the operator 3 and one has
=4I -1%, If=}I"+1° (33)
These matrices satisfy the relations
(T =(If)*=0, Tf+ITe=4 (34)

Substituting in (32) 9, by 24, gives the paraxial approximation of the Dirac
equation:
(6. +T%,+2T% )P =0 (35)

since it is easy to check that each solution of (35) is also a solution of (32).

So the solutions W(x,, £ &) of (33) supply the solutions ¥(x,, 2z, £)
of (35) and in particular the paraxial spinor fields ¥, Qs W oms
obtained from the focus wave modes and from the splash wave modes.
Note that the paraxial waves have no longitudinal structure, so that the
problem of the infinities disappears.

Using cylindrical coordinates together with the representation (2), (2)
of the Dirac matrices, we find that equation (35) becomes

2ocpi+ e (3,-1a,) 6220

: (36)
e (a,+—a¢) ¢1—0,40,=0

r

with a similar system for the spinor X.

This equation is reminiscent of the equation for the TE, TM electromag-
netic modes in a cylindrical waveguide (Hillion and Quinnez, 1986a,b). It
could also supply the basis for a geometrical optics approximation of the
neutrino field.
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Remark 1. Using ¢ instead of ¢ in the expressions (8'), (9) leads to the
paraxial approximation of the electromagnetic field. In particular, for n =0,
this gives the Gaussian solutions previously discussed by some authors (Lax
et al., 1975; Davis, 1979) with a minor difference. Here we get a circularly
polarized field, while they obtained a linearly polarized one.

Remark 2. There exists between the solutions x/; of equation (32") and
the solutions of the Laplace equation (A, + %)y, = 0 the very simply integral
relation

- 1 * iks®
P(x,,z)= () L [CXP<—%>] Yr(x,,s)ds (37)

provided that 9,4, =0 at z=0. This result can be obtained by a direct
calculation or by taking the Laplace transform (with respect to z) of both
partial differential equations. In this case one has to use the relation between
f(p) and f(v/p), where p denotes the symbolic variable (Van der Pol and
Bremmer, 1959).

" For instance, with @, = I,(kor) €™ cos kyz we get

. k3 z
¥ = L, (kor) exp(ime) exp(i; 5)

ol el (2))]

where I, is the usual modified Bessel function, and erfc is the
complementary error function.

5. DISCUSSION

The Dirac equation for massless fields in unbounded isotropic media
is very rich in solutions. The solutions that we obtained here correspond
to waves with transverse and longitudinal structures propagating along 0z.
The question is whether these solutions are supported by some physical
process. One can imagine them as excitations of the vacuum or of a
hypothetical ether (Dirac, 1951). In particular, the self-conjugate solutions
could give birth to excitations undetectable by ordinary means. If these
solutions have a physical existence we would still have to find the meaning
of the various parameters characterizing the solutions.

APPENDIX A

We prove here the result given in Sections 2 and 3 about P, ,, and
S% . Of course one only has to make computations with the half-spinor
®,, since X,, gives similar results.
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Let u be a positive integer and a be a positive scalar; one has

1:3-5—(u—1 12
Ayz—*u(l) for wu=2n
= 2 A, 2 21“’
xte ™ dx=—57 (A1)
‘ “ A -1 (i-—E) for =2n+1
20\ 2 #
T" is the gamma function.
Let n be a positive integer or half-integer; we. write
r" kr? _ re % /(a— ig))
= - —i(ké+ A2
(a_ié-)n-i-l eXp( a_lf) exp[ l( § n¢)]( _‘l ( )

and we consider the following quantities, where v, and v, are arbitrary
scalars:

5 r" r 2akr?
Qm;Vl,”zz(aZ_'_gZ)n—i—l V1+V2m €Xp —_m (As)

The integrals

a0 oo +0o0 o
27TJ dfj rdr <I>f,;,,l,,,2, ZwJ de’ dr (Df,,;,,b,,z

—00 0 0

become, according to (Al) and (A3), for 2n =25 —1, s a positive integer,

27 J_ d¢ J.O rdr q)i.,,,b,,z =2 J: dé¢ (aa‘k—l);rl )\2n+1+6£25n~+2 /\2n+2>

(A4)
o0 —0 +00 d
27rJ dgj dr cbf,;ybyz:zwj £

—co 0 —0 ((12+§2)1/2

Va

14
X<(2ak)ln+l/2 /\'zn—(zak)n+3/2 /\2n+1) (AS)

The integrals (Ad) and (A5) are not bounded.

Let us call P, and S; the parts of the components of the energy-
momentum four-vector and of the spin vector depending on ®,,. According
to (16)-(19), (19), we get

“+00 oc +co o
P =km J fdf“‘ dr q)iﬂ;l,h Pi=2m J dgj dr (pi;n,nﬂ
e e - = (46)
P(,),+Pf,=2k7rJ' d§J> rdr®2, |, Sf,=7rJ‘ ng rdr(I)f,.,l,_1

0 0

—o0 —0
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P;, is the expression (AS) with &(a’+¢£%)7"? as integrand instead of
(a*+¢&5)7V2 So P, =0.

The other three quantities are not finite, according to (A4) and (AS5).
We still have to discuss P2 — PZ, which is a bit more intricate. We have

+00
P?,-—Pf,=27rkj

—o0

© 2 2 i d§ * 2
dg rdr ¢n+1;1’1_4’n'a k ) rdr ¢)H+1;1!1
0 —o @t & Jo
(A7)

+00 df o]
+2ma J m rdr (I)nnﬂ nis

—00 0

Since the first integral on the right-hand side is unbounded, P%— PZ is not
a finite quantity.

APPENDIX B

As in Appendix A, we only consider expressions depending on @,.
A generalization of (A1) is

e P
o @+ PTG T rig) | T g (g ) k) .
gl& kk)=a(k+k)+is(k—k") (

and we have proved (Hillion, 1987) that for any integer or half-integer

m>1 one has
« d¢ T
S(k—Kk'
fmg@kk)akWI( :

(B2)

i _{2/(m~1) m integer
" |4/(m—1) m half-integer

where 8(k — k') is the Dirac distribution.
Writing p for pa, one has, according to (27), (27'), (28),

s r"e™ re % /(a—if)
¢n_(a__lé-)n+l< —i ) G(p)
(B3)

2

a—i¢

G(p)= JwF(k) ™ dk, p=if+

and we consider the quantities

r2n

m( v+ +§)K(”) a=1,2 (B4)

3 =
o X nyv,vy
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with
Ki(p)=|G(p)’ (BS)
Ko(p) =3 G*(p)G'(p)+ G™*(p)G(p)]
G'(p) denotes the derivative of G(p).
According to (16), (18), (B3), (19), (19') we get
{f +oo o
ﬁ; =4 ‘fdfj dr 2¢'i+1;1,1
o —00 Q
{* +oc d =%}
=47 . E‘;%m J dr (a®>+¢)'? 2(13:21+1;1,1
" {* o0
P‘,f=2’lT dgj drlq)nnn-H
J_
r+oo df ©
=27 N WJ' dr(a*+ &) @5
vo e (B6)
PO+ Pr=-27 f d¢ J rdr, 2.,
—c0 0
A -+o00 df [=o) "
— P, =2ma J:co (712—4_‘57)1—/5 L rdr I(D%I;n,n-FZ
+c0 2!12 o R
+27 Lo <1 pr= ) dgj rdr,®%.
Si=m J dé¢ J. rdrléJf,;lﬁl
—00 0
Using the Holder inequality (Korevaar, 1968)
[ 1 de| =supir [ 11
one has, using the fact that the integrals on r are positive,
+00 o©
|ﬁ;|5477 J' df (a2+§2)1/2j drlq)i+1;1,l
- ° (B7)

A 2 ©
IPZ’ISfJ dg(az+§2>‘/zj dr @7 s

0

while, still using the Hélder inequality, |PS— PZ| is finite if the following
integrals are bounded:

“+o0 oo +o0 [l
Jr d§J~ rdrl(ii;n+l,n+2’ J’ d’fj rdr 2(13’%1;1,1 (BS)

—o0 o —00 0
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To sum up, according to (B7) and (B8) and the expressions for P+ P?
and §;, all the quantities (B6) are finite if the integrals J, , and J,, are
bounded for the values of the parameters a, u, v,, and 1, given in Table I:

—+00 e o]
Jie =J' dff rdra(i)i:wmz

—00 0

Jz,a=j d¢ (a®+&)'? J dr, &2, .

0

We start with J, , for 4 = n. According to (B3)-(B5) and interchanging the
order of the integrations, we get

su= [ [ aan mrr 0 exptiEne 1)

—00

+00 [ce] r2n+1 Vzrz
Xj_m d .L dr(a2+§2)”“ (V1+a2+§2>
ok K \]
Xexp[ r <a—1§+a+1§}

= J Jm dk dk' F*(k")F(k) explié(k'— k)]

—00

+00
ViAan+y Vo2
X dg( n r + n ’ >
Lo g HEKK)  g" (& kK
where we have used (B1). Taking (B2) into account, one finds after
integration on k'’

[s o]
[ZL.CTNY SIS ) PPy
Ju=m| dk|FK)} + (B10)
1,1 R I ( l (2ak)n (zak)n+1
Table 1

Quantity Integral w I v, @ s

Pr T1s n+l1 1 1 2 n—1/2,n+1/2

pe I n n n+l 1 n-3/2,n—1/2
PO+ pe Fia n 1 1 2 n—1,n
PO — P2 A n,n n+1,1 n+1,1 1,2 n~1,mn+1

sz Jia n 1 -1 1 mon+l

“The quantities IA",,, 5,‘1 are finite if the integrals Q, are bounded for s=n-3/2,n—1,n—-1/2,
n, n+1/2, n+1,....If we had used the half-spinor X,,, we would have obtained the same
results with m instead of n.
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J1,1 is bounded if the integrals
* dk
QS=J- o [FRF (B11)
0

are bounded for s=n, n+1.

One has a similar computation for J,, with k|F(k)|* instead of | F(k)[?,
so that the integrals Q, have to be bounded for s = n—1, n. Using (B1), one
checks easily that J,, and J,, are deduced from J;, and J,,, respectively,
by changing n into n—1/2. In Table I, we give the values of s for which
the integrals Q, must be bounded to make the quantities (B6) finite.
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